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0. Introduction 

A complex Finsler metric is an upper semicontinuous function F: T^'^M M"*" defined on 
the holomorphic tangent bundle of a complex Finsler manifold M, with the property that 
F{p- Qv) = \l\F{p; v) for any (p; v) G T^'^M and C e C. 

Complex Finsler metrics do occur naturally in function theory of several variables. 
The Kobayashi metric introduced in 1967 ([Kl]) and its companion the Caratheodory 
metric are remarkable examples which have become standard tools for anybody working 
in complex analysis; we refer the reader to [K2, 4], [L], [A] and [JP] to get an idea of the 
amazing developments in this area achieved in the past 25 years. 

In general, the Kobayashi metric is not at all regular; it may even not be continuous. 
But in 1981 Lempert [Le] proved that the Kobayashi metric of a bounded strongly convex 
domain D in is smooth (outside the zero section of T^'^D), thus allowing in principle 
the use of differential geometric techniques in the study of function theory over strongly 
convex domains (see also Pang [P2] for other examples of domains with smooth Kobayashi 
metric) . 

We started dealing with this kind of problems in [API]. In particular, [AP2] was 
devoted to the search of differential geometric conditions ensuring the existence in a com- 
plex Finsler manifold of a foliation in holomorphic disks like the one found by Lempert 
in strongly convex domains, where the disks were isometric embeddings of the unit disk 
A C C endowed with the Poincare metric. And indeed (see also [AP3]) we found neces- 
sary and sufficient conditions (see also Pang [PI] for closely related results). In that case, 
because the nature of the problem required the solution of certain P.D.E.'s, the conditions 
were mainly expressed in local coordinates somewhat hiding their geometric meaning. 

The aim of this paper is to present an introduction to complex Finsler geometry in a 
way suitable to deal with global questions. Roughly speaking, the idea is to isometrically 
embed a complex Finsler manifold into a hermitian vector bundle, and then apply standard 
hermitian differential geometry techniques, in the spirit of [K3]. Here we provide just a 
coarse outline of the procedure. Let M be the complement of the zero section in T^'^M. 
We assume that the complex Finsler metric F is smooth on M, and that F is strongly 
pseudoconvex, that is that the Levi form ofG = F^ is positive definite. Now let V C T^'^M 
be the vertical bundle, that is the kernel of the differential of the canonical projection 
tt: T^'^M —>■ M. Using the Levi form of G, it is easy to define a hermitian metric on V; 
moreover, there exists a canonical section t of V giving an isometric embedding of M into V 
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— that is for any v & M the norm of t{v) with respect to the given hermitian metric on V 
is equal to F{v). Let D be the Chern connection on V associated to the metric, and denote 
by Ti. the kernel of the bundle map X i— Vx'^- Then it turns out that 7i is a horizontal 
bundle, that is T^'^M — 7i(BV; furthermore, there is a canonically defined global bundle 
isomorphism 0: V — > Using 0, we can transfer both the metric and the connection on H, 
obtaining a canonical hermitian structure on T^'^M, and the associated Chern connection 
preserves the splitting. Finally, the horizontal radial vector held % = o i is a canonical 
isometric embedding of M into Ti. Then our idea is that the complex Finsler geometry 
of M should be described by using the differential geometry of the Chern connection D 
restricted to Ti, using x as a means of transfering informations from the tangent bundle 
to the horizontal bundle and back. For instance, the Kahler condition introduced in [AP2] 
becomes the vanishing of a suitable contraction of the horizontal part of the torsion of D 
(here we say that the metric is weakly Kahler); and the necessary and sufficient condition 
for the existence of complex geodesic curves (see [AP2, 3]) are expressed by constant 
holomorphic curvature and a symmetry property of the horizontal part of the curvature 
of D; cf. Lemma 8.3. 

This approach is in the spirit of the one developed by E. Cartan [C] for real Finsler 
metrics; see [Rul], [M], [Ch], [BC], [Be] and the forthcoming monograph [AP4] for an 
account in modern language. On the other hand, to our surprise we were unable to find 
in the literature a comparable approach in the complex case. Rund, in [Ru2], described 
the Chern connection on the horizontal bundle, but only in local coordinates. Fukui 
in [Fu] studied the Cartan connection on a complex Finsler manifold, which is in general 
different from the Chern connection (see [AP4] for a comparison). Faran [F] studied the 
local equivalence problem, without dealing with global questions. Only Kobayashi [K3] 
explicitely used the Chern connection, but he seemed unaware of the relevance of the 
horizontal component. It should be mentioned that we choose to work on M instead of 
the projectivized tangent bundle mainly for keeping more transparent the relationships 
between global objects and local computations (which are often simplified by consistently 
using the homogeneity of the function G and its derivatives). However the two approach 
are completely equivalent. In fact, the role of the canonical sections t and x in owe context 
is analogous to the role of the tautological line bundle in [K3] . We hope that our work will 
clarify the subject of complex Finsler geometry, opening the way to new research in the 
field. 

The content of this paper is the following. In sections 1 and 2 we describe in detail 
the construction outlined above of the Chern-Finsler connection. In sections 3 and 4 we 
define the (2,0)-torsion, the (l,l)-torsion, the curvature of the Chern-Finsler connection 
on the horizontal bundle, we derive the Bianchi identities and we discuss Kahler Finsler 
metrics. In section 5 we introduce the notion of holomorphic curvature. 

In sections 6 and 7 we derive the first and second variation formulas for a strongly 
pseudoconvex Kahler Finsler metric, giving a good example of global computations made 
using the tools introduced before. As a corollary, we prove the local existence and unique- 
ness of geodesies for a strongly pseudoconvex weakly Kahler metric, without assuming the 
strong convexity of the metric. 

Finally, in section 8 we deal with strongly pseudoconvex Finsler metrics of constant 
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holomorphic curvature, providing a first step toward their classification. As a consequence 
of results of this section and of [AP2] we get for example the following: 

Theorem 0.1: Let F: T^'^M — > M"*" be a complete strongly pseudoconvex Finsler metric 
on a simply connected complex manifold M. Assume that 

(i) F is Kahler; 

(ii) F has constant holomorphic curvature — 4; 

(iii) R{H, K, X, X) = R{Xj ^i H, x) for all H , K & 7i, where R is the curvature operator 
of the Chern connection; 

(iv) tie indicatrices If{p) = £ T^'^M | F{v) < 1} of F are strongly convex for 
all pe M. 

Then the exponential map exp^iT^'^M — > M is a homeomorphism, and a smooth diffeo- 
morphism outside the origin, for any p & M. Furthermore, a suitable reparametrization 
of expp induces a foliation of M by isometric totally geodesic holomorphic embeddings of 
the unit disk A C C endowed with the Poincare metric. In particular, F is the Kobayashi 
metric of M. 

A version of this result also holds when the holomorphic curvature is identically zero; 
the precise statement can be found in Theorem 8.10 



1. Definitions and preliminaries 

Let M be a complex manifold of complex dimension n. We shall denote by T-^'°M the holo- 
morphic tangent bundle of M, and by M the complement in T^'^M of the zero section. The 
real tangent bundle of M will be denoted by T^M, and we set as usual TcM = T^M ® C. 

A complex Finsler metric F on M is an upper semicontinuous function F: T^'^M — > M"*" 
satisfying 

(i) G = F^ is smooth on M; 

(ii) F{p; v) > for all p e M and v e Mp-, 

(iii) F{p; (v) = \C\F{p; v) for all peM,ve T^'^M and C e C. 

We shall sistematically denote by G the function G = F'^. Note that it is important to 
ask for the smoothness of G only on M: in fact, it is easy to see that G is smooth on the 
whole of T^'^M iff F is the norm associated to a hermitian metric. In this case, we shall 
say that F comes from a hermitian metric. 

To start, we need a few notations and general formulas. In local coordinates, a vector 



V e T^'^M is written as 



a d 



where we adopt the Einstein convention. In particular, the function G is locally expressed 
in terms of the coordinates {z^, . . . , z"^, v^, . . . , v'^}. We shall denote by indices like a, (3 
and so on the derivatives with respect to the w-coordinates; for instance. 
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On the other hand, the derivatives with respect to the 2;-coordinates will be denoted by- 
indices after a semicolon; for instance, 

For our aims, we ought to focus on a smaller class of Finsler metrics. A complex 
Finsler metric F will be said strongly pseudoconvex if 

(iv) the Levi matrix (G^p) is positive definite on M. 

This is equivalent to requiring that all the F-indicatrices 

Ip{p) = {ve T^^^M I F{v) < 1} 

are strongly pseudoconvexes. As we shall see in section 2, this hypothesis will allow us to 
define a hermitian metric on a suitable vector bundle. 

The main (actually, almost the unique) property of the function G is its (l,l)-hom- 
ogeneity: we have 

G{p;Cv) = CC G{p;v) (1.1) 

for all (p; v) e T^'^M and C G C. We now collect a number of formulas we shall use later 
on which are consequences of (1.1). First of all, differentiating with respect to and 
we get 

Gc.p{p;Cv) = G^f^{p;v), (1.2) 

Gap{p;Cv)^{C/0Gaf3{p;v). 

Thus differentiating with respect to C or and then setting C = 1 we get 

G^/^^ = Ga, Gaf3V^ = 0, (1.3) 

and 

Ga(3j V'^ = -Ga(3, Gaf3^ = Gaf3, G^p^ v'^ = 0, (1.4) 

where everything is evaluated at (p; v). 

On the other hand, differentiating directly (1.1) with respect to C or and putting 
eventually ^ = 1 we get 

Gapv'^v^^Q, G^pv'^^^G. (1.5) 

It is clear that we may get other formulas applying any differential operator acting only 
on the ^-coordinates, or just by conjugation. For instance, we get 

Ga■,^^^^G.^, (1.6) 

and so on. 
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Assuming from now on (unless explicitely noted otherwise) F strongly pseudoconvex, 
we get another bunch of formulas. As usual in hermitian geometry, we shall denote by 
(G^") the inverse matrix of (Gq,^), and we shall use it to raise indices. 

First of all, applying G^" to the first equation in (1.3) we get 

G^«G«=^, (1.7) 

and thus, applying (1.6), 

G-p.^^G~P-G^ = G,^. (1.8) 

Recalling that {G^°') is the inverse matrix of (G^^), we may also compute derivatives 
of G^": 

L)G^" = -G^'*G^'^(L>G^p), (1.9) 

where D denotes any first order linear differential operator. As a consequence of (1.4) 
and (1.9) we get 

G§''W=-G'"^G^''G^i,^lF = 0, (1.10) 
and recalling also (1.7) we obtain 

G^Gf = -G^G^^'G^'^'G^^^ = -G^'^G^^^v'' = 0. (1.11) 
2. The Chern-Finsler connection 

To any hermitian metric is associated a unique (l,0)-connection such that the metric tensor 
is parallel: the Chern connection. The main goal of this section is to define the analogue 
for strongly pseudoconvex Finsler metrics. 

Let tt: M — > M denote the restriction of the canonical projection of T^'^M onto M. 
The vertical bundle V C T^'^M is, by definition, the kernel of the differential dir: T^'^M T^'^M. 
It is easy to check that V is a complex vector bundle of rank n over M; a local frame for 
V is given by {di, . . . , dn}, where we set 

da = -7^— and dn = S—-, 

for a, n = 1, . . . , n. We shall denote by X{V) the space of smooth sections of V; more 
generally, X{E) will denote the space of smooth sections of any vector bundle p:E^B. 

Let jp-. T^'^M ^ T^'^M be the inclusion and, for v e Mp, let k^: T^'^M Tj'°(Tpi'OM) 
denote the usual identification. Then we get a natural isomorphism 

and, by restriction, the all-important natural section t: M V given by 

t{v) = ty{v) e Vy. 
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In local coordinates, 

d 



= (91- 



7r(v) 



in particular, if v = v'^{d/dz'^) then 

i{v) = v'^dalv 

i is called the radial vertical vector field. 

The first observation is that a strongly pseudoconvex Finsler metric F defines a hermi- 
tian metric on the vertical bundle V. Indeed, if v e M and Wi, W2 G V^,, with Wj = W^da-, 

we set 

{WuW2)y = G^-p{v)W^W^. 

Being F strongly pseudoconvex, ( , ) is a hermitian metric. Note that the third equation 
in (1.5) says that 

G = 

so L is an isometric embedding of M into V. 

Following Kobayashi [K3] , we now consider the Chern connection D on the vector bun- 
dle V: it is the unique (l,0)-connection on V such that the hermitian structure previously 
defined is parallel. In other words, D: X{V) X{T^M (g) V) is such that 

X{V, W) = {VxV, W) + {V, V-j^W), 

for any X E T^'^M and V,W e X{V). 

In local coordinates, the connection matrix (a;^) is given by 

= G^^dGpr = f rfz^ + f% dv\ 

where 

~ G'^'^Gpf^ and rj^.^ = G'^°^G 

This is only part of the connection we are looking for: our next goal is to canonically 
extend D to a (1,0) -connection on T^'°M. Let us consider the bundle map A: T-^'°M — > V 
defined by 

A(X) = Vxi, 

and set = ker A C T1'°M. We claim that is a horizontal bundle, that is T^'^M = H^V. 
Indeed, in local coordinates 

where X = X^^d^ + X°^do,. Then a local frame for V, is given by . . . , 5^}, where 

5^ = d^- f%ydo^ 
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— note that T^^f ^ = — and the claim is proved. 

It is not difficult to check (see [AP4] for a coordinate- free proof) that setting 

for ct = 1, . . . , n we get a well-defined global bundle isomorphism 0: V — > then we can 
define a (l,0)-connnection D onH just by setting 

for any X e TcM and H e X{n). By linearity, this yields a (l,0)-connection on T^'°M, 
still denoted by D: the Chcrn-Finsler connection. 

Using the bundle isomorphism Q:V ^ 7i we can also transfer the hermitian struc- 
ture {,) onTi just by setting 

and then we can define a hermitian structure on T^'^M by requiring 7i be orthogonal 
to V. It is easy to check then that D is the Chern connection associated to this hermitian 
structure, that is 

X{Y,Z) = {VxY,Z) + {Y,V^Z) 

for any X e T^'^M and Y, Z e X{T^'^M). 

^From now on we shall work only with the frame {S^, da} and its dual co-frame 
{dz^^, V"} given by 

^« = dv'^ + r« dz" = dv'^ + G^^Gf;^, dzi", 

where we have set 

-pa _ pa (3 _ ^fa^ 

Writing 

u;^ = T-^,^dz^ + r-^^r, 

we get 

pa y^TCty^ pa 

ra /o-far //o \ /~iToi(/~i /o 1-17 \ ^ ' ' 

Note that 

n,^ = dp{^l) and Tl = T%y- (2.2) 

in particular, this is exactly the connection introduced by Rund [Ru2] . 

So we have described a canonical splitting of the holomorphic tangent bundle of M 
in a vertical and a horizontal bundle, and defined a canonical connection on it, preserving 
this splitting. In the following subsections we shall begin the study of this connection, 
introducing torsions and curvatures; here we first describe a few properties of the splitting. 

First of all, the next lemma shows that the local frames . . . , 5^} enjoy some nice 
and convenient properties: 
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Lemma 2.1: Let D be the Chern-Finsler connection associated to a strongly pseudocon- 
vex Finsler metric F, and let {Si, . . . , 5„} be the corresponding local horizontal frame. 

Then 

(i) [5^, di,] = for all 1 < /U, z/ < n; 

(ii) [5^, dc] = T'^.f.dcr for alll <a,n< n; 

(iii) 6f,{G) = dfi{G) = Oforalll<ii< n; 

(iv) 5jx{Ga) = for all 1 < a, fj, < n. 

Proof : (i) If suffices to compute. First of all, 
where Ff^^^ = 9jy(F°^) and so on. Now, 

and the assertion follows. Note that we have actually proved that 

5.(rrM) = ^^(rr.)- (2.3) 

(ii) Indeed, 

[5^, da] = [d^ - T'^^d^. da] = ^«(F;;)a, = T^J^. 

(iii) In fact, using (1.8) we get 

^/u(G) = G;^ — F|^Gct = G;^ — G'^'^Gf-nGcr = G-n — G-^ = 0. 

(iv) Finally, 

SfxiGa) — Goi-p, r.^GQ;T= = Gq.;^ Gq.;^ = 0, 

where T^., = T^- □ 

The philosophical idea behind our work is that to study the geometry of a complex 
Finsler metric one should transfer everything (or most of it) in the horizontal bundle, and 
then apply the usual techniques of hermitian geometry there. We shall better substantiate 
this idea later, for instance in sections 6 and 7 discussing variation formulas; here we begin 
to show how to lift objects (e.g., vector fields) from the tangent bundle up to Ti. 

The main tool is provided by the horizontal analogues of the isomorphisms t^. If 
V e M, we set 

The horizontal radial vector field x ^ '^{'H) is then defined by 
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in local coordinates, if v = v°^{d/dz°^)\p we have 

Using the isomorphisms Xv we can induce an embedding of M into Ti which respects 
the Lie algebra structure. To be precise, a vector field ^ e A'(T^'^M) may be lifted in two 
different ways to vector fields in T^'^M: via the horizontal lift 



and via the vertical lift 



e{v) = iv[^,Hv))). 

A consequence of Lemma 2.1 is that the horizontal lift is a Lie algebra homomorphism: 

Proposition 2.2: Let D be the Chern-Finsler connection associated to a strongly pseu- 
doconvex Finsler metric F on a complex manifold M. Then: 

(i) [X{n),X{H)] C X{n) and [X{V),X{V)\ C X{V); 

(ii) if Ci, 6 e X{M) then [ef = [ei,e2]^, [^^,^2"^] = and [ef ,^2^ e X{V). 
Proof: (i) Take H2 G X{n). Locally, Hj = H^S^; hence 



[H,, H2] = (H^S^H^) - H^S4H^))5^ 



(2.4) 



(2.5) 



(where we used Lemma 2.1) is horizontal. Analogously, if Vi, 1^2 £ '^(V) with Vj = Vj^da, 
we get 

[Vi, V2] = (Vi%(lT) - Vid^{vn)da, 

which is vertical. 

(n) Locally, ^ = ^^(d/dz^^) and = (C? o 7r)5^; so (2.4) yields 

[ef , ^2""] = m o 7r)S,iC^ o tt) - (^2^ o 7r)5.(er o 7r))S,. 
Now (5^(Cj' o tt) = {d^f/dz'') o tt; therefore 



[ef,e2^] = 



dz"" 



O TT 



On the other hand, ^ = (^^^ o 7r)da and a^(^j" o tt) = yield 



Finally, 



[^f,^2^] 



^1^ 



da, 



again by Lemma 2.1. 



□ 



Note that, as a consequence of (ii), the obvious map of X{V) into X(7i) induced by 
the complex horizontal map 0: V — > A" is not an isomorphism of Lie algebras; it suffices to 
remark that Q{^^) = for all C e X{M). 
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3. Torsions and kahlerianity 

As it may be expected, the next step is the study of the Chern-Finsler connection is to 
describe its torsion(s) and clarify their geometrical meaning. 

The tangent bundle T^'^M (and hence M too) is naturally equipped with a T^'^M- 
valued global (l,0)-form, the canonical form 

r} = dz^'®d^ + dv'^ da e X{/\^'^M T^'^M). 

It is easy to see that as soon as we have a strongly pseudoconvex Finsler metric — and 
hence the canonical splitting T^'^M = ?Y © V — one has 

r] = dz^ ^5fj, + ip'^ (S> da. 

Extending as usual the Chern-Finsler connection D to an exterior differential (still 
denoted by D) on T-^'°M-valued differential forms, it is very natural to consider the tor- 
sion Drj of the connection. Since 77 is a (l,0)-form, Dr] splits in the sum of a (2,0)-form 9 
and a (l,l)-form r. We shall call 9 the (2, 0)-torsion of the Chern-Finsler connection, and 
T the (1, 1) -torsion of the Chern-Finsler connection. 

Locally, we may write 

9 = 9" ® 5^ + 9'' ® da and r = r'^ ® da, 
where, setting F^^ = 9^(rf^), 



= d'^'^ = -Si.iV'^^) dz^" A dr - r|.^ dzi" A v^; 

= _dz^ /\ ^ 1 ^ _ r^.j dz'' A dz"" + r^;^ a d^^; 



(3.1) 



and 



= |[5M(rr.) - 5.(r« )] dz^ A dz'^ + [a^r- ) - r^^^] v^/' a dz^^ + i[r^^ - r«^] ti;^ a r 
= 0, 

(3.2) 

by (2.3), (2.1) and (2.2). 

One may wonder whether these torsions are the right generalizations of the usual 
torsion in the hermitian case. The answer is a double yes. First of all, a standard argument 
using the definitions shows that torsions and covariant derivative are related as usual: 

VxY - VyX = [X, Y] + 9{X, F), 

VxF - VyX = [X, Y] + t{X, Y) + t{X, F), 

for any X, Y ^ A'(T^'°M), where, by definition. 
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Furthermore, the vanishing of (part of) the (2,0)-torsion can be again interpreted as 
a Kahlcr condition — but with some care, because 6 is composed by a horizontal part and 
a mixed part. To be precise, we shall say that a differential form 7 on M is horizontal if 
it vanishes contracted with any V G A'(V). The decomposition T^'°M = 7i © V induces a 
projection p*jj of the differential forms onto the horizontal forms; the horizontal part of a 
form 7 is then p|f (7). 

There is a corresponding projection on the vertical forms, of course, but we shall not 
need it now because the vertical part of both torsions 9 and r is zero. For this reason, the 
form 9 — Ph{(^) will be called the mixed part of 9. In local coordinates, 

p%{9) = (F^.^ dzi' A dz-") 5^ and 9 - p*h{9) = (F^^ A dz") ® 5^. 

The next proposition discusses the meaning of the vanishing of the (2,0)-torsion 9 or of 
one of its parts. 

Proposition 3.1: Let F be a strongly pseudoconvex Finsler metric on a complex mani- 
fold M. Then: 

(i) the mixed part of the (2, 0)-torsion vanishes iff F comes from a hermitian metric; 

(ii) 9 vanishes iff F comes from a hermitian Kahler metric. 

Proof: (i) The mixed part of the torsion vanishes iff Gpfij = for all /3, fi and 7. Conju- 
gating, this is equivalent to having d^{Gpfx) — d^{Gpfx) — 0, that is Gjifx{v) depends only 
on tt{v) — and this happens iff F comes from a hermitian metric. 

(ii) It follows from (i) and the fact that when F comes from a hermitian metric 
9 = {9a0) one has 

□ 

For this reason we say that a strongly pseudoconvex Finsler metric F is strongly 
Kahler if the horizontal part of the (2,0)-torsion vanishes, that is iff 

VH^K en 9{H, K) = 0. 

This is exactly the notion of kahlerianity introduced by Rund [Ru2]. However, as we shall 
see later on (see sections 6 and 7), studying the geometry of a strongly pseudoconvex 
Finsler metric it turns out that this assumption is too strong and not quite natural. So it 
is appropriate to introduce two more notions of kahlerianity. We shall say that F is Kahler 
if 

\JHen 9{H,x) = 0, 

and that F is weakly Kahler if 



en 



{9{H,x),x) = 0. 
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In local coordinates, F is strongly Kahler iff 

IJ,;i> i/;/Lt' 



it is Kahler iff 

it is weakly Kahler iff 

that is iff 



G'a[r«,-r«>'^ = o, 



In particular, if F comes from a hermitian metric then these three conditions are all 
equivalent to the usual Kahler condition, because Gj^af = for a Finsler metric coming 
from a hermitian metric. 

There are other characterizations of strongly Kahler Finsler metrics. To F we may 
associate the fundamental form 

$ = iG^-p dz'^ A d^, 

which is a well-defined real (l,l)-form on M. Then the strong Kahler condition is equivalent 
to the vanishing of the horizontal part of To express it more clearly, set 

dn = P*H ° dj dn = P*h ° d and Oh = Ph ° 9, 
so that again dn = dn + dn- 

Theorem 3.2: Let F be a strongly pscudoconvex Finsler metric on a complex manifold M . 

Then the following assertions are equivalent: 

(i) F is a strongly Kahler Finsler metric; 

(ii) VhK - VkH = [H, K] for all H, K e X{n); 

(iii) dn^ = 0; 

(iv) dn^ = 0; 

(v) for any po E M there is a neighbourhood U of po in M and a real-valued function 

<p e C^{7i-\U)) such that $ = idndHcl) on n'^U). 

Proof: (i) <^=^ (ii) follows from (3.3). 

(iii) <^=^ (iv) holds simply because $ is a real (l,l)-form. 

(iv) <(=^ (i). Indeed, (2.1) yields 

d^X,Y,Z) = i{9{X,Y),Z) 

for all X , Y , Z E T'^'^M; hence dn^ vanishes iff p'^ o vanishes, that is iff -F is strongly 
Kahler. 

(v) (iv) follows from Lemma 2.1.(i). 
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(iii) =^ (v). Let 7 be any horizontal form. In local coordinates, defined on a coordi- 
nate neighbourhood of the form 7r~^{U), one has 

l\{p;v) = 1ab{p; dz^ A dz^, 
for suitable multi-indices A and B. On U we may then consider the family of forms 

lv\p = 1ab{p\ dz"^ A dz^, 

where here {dz^} is the dual frame of {d/dz^}; in other words, we are considering the 
v-coordinates just as parameters. 

The gist is that the following formula holds: 

{dHl)v = d{^y). 

Then we may now apply the Dolbeault and Serre theorems (with parameters) to 
in a possibly smaller neighbourhood of po — still denoted hj U — to get a function 
0^ e C°°(C/, M) depending smoothly on v such that $^ = iddcf)^. Then setting 

= (f)y(p) 

we get $ = idndHfp, as required. □ 
^From this point of view, a strongly pseudoconvex Finsler metric is Kahler iff 

dH^{-,X,-) = 0, 

and it is weakly Kahler iff 

dH^i-,X,x) = 0. 

We end this section pointing out that also the vanishing of the (l,l)-torsion r has a 
nice geometric meaning: 

Proposition 3.3: The (1, l)-torsion r vanishes iff the frame {(5^, da} is holomorhic. 

Proof: Indeed the frame {Sf^^da} is holomorphic iff its dual coframe {dz^^jip*^} is, which 
happens iff the forms ip"' are holomorphic, that is iff = dip"' = for a = 1, . . . , n. □ 

4. The curvature tensor 

The curvature tensor R: X{T'^'^M) X{l<^ (T^M) ®T^'^ M) of the Chern-Finsler connec- 
tion is given hy R = D o that is 

MX e X{T^^^M) Rx = D{DX). 

Analogously we have the curvature operator Q e X{/^{T^M) /\^'°M O T^'^M) defined 
by (cf. also [KB]) 

n{X,Y)Z = Rz{X,Y). 
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Locally, ft is given by 

where 

Decomposing Q into types, we get 

n = n' + n", 

where il' is a (2,0)-form and ^l" a (l,l)-form. Locally, 

Q has no (0,2)-components because the connection forms are (l,0)-forms. Actually, even 
Q' vanishes: indeed, by definition 

So 

doj^ = dG^^ A dGaf = -G^^G^'^dGf.p A dGaf 

= (G^^dGar) A (G'^dG^,) = o;^ A a;^. 

Son = n" and 

exactly as in the hermitian case. 

The relation between curvature and covariant derivatives is the usual one: 

VxVy - VyVx = V[x,Y] 
VxVy - V^Vx = Vj^yj + ^{X,Y); 

for any X,Y e X{T^'^M). 

We can also recover the Bianchi identities in this setting: 

Proposition 4.1: Let D: X{T^'^M) X{T*M ® T^^^M) be the complex linear connec- 
tion on M induced by a good complex vertical connection. Then 

Dd = r}" A f], 
DT = r]^ A il, 

on = 0, 

where rj^ = dz^ ® and rj^ = ® do,. 
Proof: It suffices to compute. First of all, 

Be^ = dz" A Bioi^ = dz" A Qi^, 
def" + Au)^ = dz"" A duj^^ - dz" A < A < = 0, 
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by (4.1), and so DO = r]^ A fl. Next 

= 0, 

by (3.2), and so Dt = r]^ A Q. Finally, 91)^ = and 

dff^ - cc;^ A + A o;^ = dBto^ - to} A Blo^ + Buj} Ato^ ^ -B{dij'^ - tol A w^) = 0, 

by (4.1). □ 
In local coordinates, the curvature operator is given by 

n'^ = R%^, dz^ A dr + R%., V' A dr + i?^^.^ dz^Aif^+ V' a v^, 

where 

jya o_ {-pa \ pa per ^ ' ^ 

In particular, since 

(Dt)'' = {rj^ A Q)'' = ^'' AQ^ = R^.^^ A dz^" A dz" + i?^^.^ V'' A A dz" 

+ i?^^.^ A d^'^ A + R^s^ Ai;^ A^ 

= -R:.^, dz^ Ar^ - R%^^ dz^ A V" A V^, 

the vanishing of r implies the vanishing of most of the curvature. 

Another consequence of (4.2) is an unexpected relation between O and r: 

Lemma 4.2: Let D be the Chern-Finsler connection associated to a strongly pseudocon- 
vex Finsler metric F on a complex manifold M. Then 

T = n{-, •)i. 

Proof: Recalling (4.2), (1.3), (1.4) and 



we have 

Rp;,y = -5.(r« ), 

pa „,/3 _ _T^a 

Rpsy = 0, 

and the assertion follows from (3.1). □ 
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5. Holomorphic curvature 

One of the most useful concept in hermitian geometry is the notion of holomorphic sectional 
curvature. To find the correct analogue in our setting, we first need a closer look to the 
horizontal part of the curvature operator. We define the horizontal curvature tensor R by 

Ry{H,K,L,M) = {n{H,K)L,M)y 

for all H, K, L, M & Tiy and v G M. In local coordinates, 

R{H,K,L,M) = G^^R^.^^H^K^L^m. 

The symmetries of R are easily described: 

Proposition 5.1: Take v e M and H, K, L, M e Ky. Then 

R(K,H,L,M) = -R{H,K,L,M); (5.1) 



R{K, H, M, L) = R{H, K,L,M). (5.2) 

Furthermore, if BhO = we also have 

R{L,K,H,M) = R{H,K,L,M) = R{H,M,L,K). (5.3) 

Proof: (5.1) follows immediately from the observation f2^(i^, H) = —flp{H, K). To prove 
(5.2), we start from 

1]« = Blo'^ = d{G^'^dGi3f) = -G^^G^^'dGf.i, A dGf^f + G^^^ddGf^f; 
in particular, 

Ga^Q'^ = -G^^BG^^ a dGpr + BdGp^. 

On the other hand, 

= G'^^G^'^dGr^ A dG^i, - G'^^BdGr^- 

hence 

Goi^Vt^ — —G/3a^'^- 

In our case, this means that 

R{K,H, M,L) = Ga^n'^{K,H)M^Ly = -Gf3a^^K,H)M^L^ 



= G^^n^{H,K)LyMP 
= R{H,K,L,M), 

and (5.2) is proved. 

Now, (5.3). First of all, BhO = p*^{D6), because we saw that the (2,0)-part of D9 
vanishes. Proposition 4.1 says that DO = i]^ A O; in local coordinates, 

(?7^ A O)" = c/;2^ A dz'' A dz^ A dz'' + R'^g.^ dz" Ai(j^ A dr 

+ i?^^.^ dz'' Adz^" Aif^ + dz'' A A V^; 

in particular, BrO = iff -R^.^jj = R^-au- Then 

i?(L, K, H, M) = GocfK-^uL^T^H^W^ = GafR^apL^^^H'^M^ = R{H, K, L, M). 

Finally, 

R{H, M, L, K) = R{M, H, K, L) = R{K, H, M, L) = R{H, K, L, M). 

□ 



. . ^ (5-4) 
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We remark that (5.2) is equivalent to 

{n{H, K)L, M) = (L, VL{K, H)M) (5.5) 

for all H, K, L, M e H. 

Now, one possible approach to the holomorphic sectional curvature is to consider the 
(horizontal) holomorphic flag curvature Kp[H) of F along a horizontal vector H G Ti^: 

Kf{H) = ^^^R{H,H,H,H). 

Exactly as in the hermitian case, if BrO = then the holomorphic flag curvature completely 
determines the horizontal curvature tensor: 

Proposition 5.2: Let R, S: Hy x Hy xHy x Hy — > C be two quadrilinear maps satisfying 
(5.2) and (5.3). Assume that 

^HeHy R{H,H,H,H) ^ S{H,H,H,H). 

Then R = S. 

The proof is very similar to the traditional one for hermitian metrics; see [KN] 
and [AP4] for the details. We do not discuss it here because, from a certain point of 
view, the holomorphic flag curvature is not the right generalization of the holomorphic 
sectional curvature. In fact, roughly speaking, it contains too many informations. Re- 
quiring, for instance, that the holomorphic flag curvature is constant means imposing very 
strong constraints on the behavior of the complex Finsler metric, constraints that are 
somewhat beyond the geometry of the metric which lives naturally on the tangent bundle 
of the manifold. Of course, one may study such requirements, but in this case the theory 
seems to be a standard consequence of the hermitian geometry of vector bundles without 
signiflcant application to the function theory of the manifold. 

A different notion appears to be a more appropriate tool for the applications in com- 
plex geometry (see [K3], [API], [AP2], [APS], and sections 6 and 7 where we discuss vari- 
ational formulas; cf. also [Ch] and [BC] for similar arguments in the real case). Namely, 
let F: T^'^M — > R"*" be a strongly pseudoconvex Finsler metric on a complex manifold M, 
and take v e M. Then the holomorphic curvature Kf{v) of F along v is given by 

2 

Kf{v) = Kf{x{v)) = ■^^R{x{v),x{v),x{v),x{tj))- 

Clearly, 

Kf{Cv)=Kf{v) 

for all ( E C*; so this is the holomorphic curvature discussed by Kobayashi [K3]. Note 
that, by Proposition 5.1, the holomorphic curvature is necessarily real- valued. 
In local coordinates we get 

Kf = -^Ga5,{T'^^)v^lF. (5.6) 
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If F comes from a hermitian metric, (5.6) gives exactly the classical holomorphic sectional 
curvature. Furthermore, our definition recovers another important geometrical character- 
ization of the holomorphic sectional curvature, and provides a firm link with the theory 
of invariant metrics on complex manifolds (cf. [AP2]). Wu [Wu] has shown that for a 
hermitian metric ^ on a complex manifold M, the holomorphic sectional curvature of g 
along V e Tp'^M is the maximum value attained by the Gaussian curvature at the origin 
of the pull-back metric (f*g when </? varies among the holomorphic maps from the unit 
disk A C C into M with (fi{0) — p and (fi'{0) = Xv for some A e C*. Well, this is true in 
our case too: 

Theorem 5.3: Let F:T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a 
complex manifold M, and take p e M and v e Mp. Then 



where K{(f*G){0) is the Gaussian curvature at the origin of the pull-back metric ip*G, and 
the supremum is taken with respect to the family of all holomorphic maps (p: A ^ M with 
(f{0) — p and (p'{0) = Xv for some A G C*. 

For the proof, see [AP2]. We also recall that this variational interpretation of the 
holomorphic curvature makes sense for upper semicontinuous Finsler metrics, and has 
been previously investigated in geometric function theory (see [W], [R] and [S]). 

This ends the general presentation of the setting we suggest for studying complex 
Finsler geometry. To substantiate this suggestion, in the next sections we give a few 
applications: the variation formulas and a close look to manifold with constant holomorphic 
curvature. 

6. First variation of the length integral and geodesies 

Let F: T^'^M M"*" be a strongly pseudoconvex Finsler metric on a complex manifold M. 
To F we may associate a function F": TrM R"*" just by setting 



where u ^ Uq = [u — iJu)/2 is the standard isomorphism between T^M and T^'^M [J is 
the complex structure on TjjM). F° satisfies all the properties defining a real Finsler 
metric, but perhaps the indicatrices are not necessarily strongly convex. Nevertheless, we 
may use it to measure the length of curves, and so to define geodesies; and one of the main 
results of this section is a theorem ensuring the local existence and uniqueness of geodesies 
for weakly Kahler Finsler metrics only under the strong pseudoconvexity hypothesis — a 
striking by-product of the complex structure. 

Let us fix the notations needed to study variations of the length integral in this setting. 
The idea is, as usual, to pull back the connection along a curve; but since our connection 
lives on the tangent-tangent bundle, the details are a bit delicate. 

A regular curve a: [a, 6] ^ M is a curve with never vanishing tangent vector. Here, 
we mean the tangent vector in T^'^M, obtained via the canonical isomorphism with TrM: 
so we set 



K^(^)=sup{K(^*G)(0)}, 



F"{u) = F{uo), 
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where d^'^ is the composition of the differential with the projection of TcM onto T^'°M 
associated to the splitting TcM = T^'^M © T^'^M. 

The length of a regular curve a with respect to the strongly pseudoconvex Finsler 
metric F is given by 



exactly as in the hermitian case. 

A geodesic for F is a curve which is a critical point of the length functional. To 

be more precise, let ctq: [a, 6] ^ M be a regular curve with F(&q) = cq > 0. A regular 
variation of ctq is a map E: {—e, e) x [a, b] ^ M such that 

(a) ao{t) = E(0, t) for all t E [a, 6]; 

(b) for every s G {—e,e) the curve as{t) — S(s,t) is a regular curve in M; 

(c) F{&s) = Cg > for every s e (—£,£). 

A regular variation S is fixed if it moreover satisfies 

(d) crs(a) = ao{a) and o"s(6) = ao{b) for every s e {—e,e). 

If E is a regular variation of the curve ctq, we define the function £-^: (— e, e) — > IR"*" by 



We shall say that a regular curve ctq is a geodesic for F iff 



for all fixed regular variations E of ao- 

Our first goal is to write the first variation of the length functional; we shall then find 
the differential equation satisfied by the geodesies (see also [API]). 

Let E: (— £, e) x [a, 6] — M be a regular variation of a regular curve ctq: [a, b] M. 
Let p: E*{T^'^M) {-e,e) x [a, 6] be the pull-back bundle, and 7: E*{T^'^M) T^'^M 
be the bundle map such that the diagram 




ej:{s) = L{as). 



E*(T1'0M) 



7 



p 



TT 



(-£, e) X [a, b] 



E 



M 



commutes. 

Two particularly important sections of T,*{T^'^M) are 




and 
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the restriction of U to s = is the variation vector of the variation S. Note that setting 
S*M = 7-^(M), we have T e X{^*M) and 

Now we pull-back T^'^M over S*M by using 7, obtaining the commutative diagram 



(-e, e) X [a, 6] 



M 



M 



note that 7*(T^''^M) is a complex vector bundle over a real manifold. The bundle map 7 
induces a hermitian structure on ^*{T^'^M) by 

vx,y e 7*(Ti'0M), (x,y), = (7(x),7(y))^(,). 

Analogously, the Chern connection D gives rise to a (l,0)-connection 

D*: A'(7*(T^'°M)) ^ A'(T^(S*M) ®7*(T^'^M)), 

where T^(S*M) = T]^(S*M) O C, by setting 

V^y = 7-1 (Vdi.o^(x)7(l^)) , 
= r' (v5t:^7(1^)) , 

for all X e Tm(E*M) and Y e A'(7*(T1'0M)). In particular we have 

X{Y, Z) = X((7(y),7(^))7) = d^{X){{^iY)niZ))) 

= (di'°7(X) + dM^)((7(y),7(^))) (6.1) 

= (v^y, z) + (y, vi^z) + (vi^y, z) + (y, v^z), 

for all X e Tm(S*M) and y, Z e A:{Y{T^^^M)). 

We may also decompose Tr(E*M) = ?i* © V*, where as usual a local real frame for V* 
is given by {doi,ida.}, and a local frame for 7i* is given by 



(5, = a, - (rf, o 7)^5^, = 5, - (rf, o 7)^5m> 
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where dt = d/dt and ds = d/ds. Therefore, setting = d}^^-f{5t) and = d^'°^{Ss), 
we have 



dt 



and 



ds 



{'y{U{s,t))) eH^(,), 



for all V e S*M(s^t); they are the horizontal lifts of 7(T) and 7(^7) respectively. In partic- 
ular, 

T''{j-\a,))^x{crs). (6.2) 
If we take v e (E*M)(s^t), then 

di'07,(TR(E*M)) C T^ll^M and 7(7*(7^''°M),) = T-^^^^M. 

Therefore we also have a bundle map S: Tik(E*M) ^ 7*(T^'°M) such that the diagram 

Tk(S*M) ^ 7*(Ti'°M) 

commutes. Using S we may prove three final formulas: 



= [d^'°7(X),di'°7(y)] +^(d^'°7(X),d^'°7(r)), 

for all X, F e A'(Tr(S*M)); 

7 o (V^V^ - V^Vx) = (Vdi,o^(x) Vdi,o^(y) - Vdi.o^(i-)Vdi,o^(x)) o 7 

= V[di,o^(x),di.07(r)] o 7) 



(6.3) 



(6.4) 



and 



7°(VlV|.-V|.Vi)=(V* 



[di.07(X),di.U7(Y)] 



+ f](rfi'°7(X),rfM^(y)) 07, (6.5) 



for all X, y G Tm(E*M). 

We are now able to prove the first variation formula for weakly Kahler Finsler metrics: 

Theorem 6.1: Let F:T^'^M M"*" be a weakly Kahler Finsler metric on a complex 
manifold M. Take a regular curve ctq: [a,b] — > M with F{&q) = cq > 0, and a regular 
variation E: (— £, e) x [a, 6] — > M of o-q. Then 



My 
ds 



1 

Co 



(0) = - <'Re(C/^,T^) 



-Re Ac/^,V^,^^T^)^„d4- 
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In particular, if S is a fixed variation, that is S(-, a) = ao{a) and S(-, b) = cro{b), we have 

^(0) = -iRe [\u^^V^^^—T^).^dt. (6.6) 
as Co J a 

Proof: By definition, 



Us)= [ {Gi&s))'^' dt; 

J a 



therefore 

de^ 1 d _ 1 d 



ds 2Cs J a ds J a 

where Cg = F{&s) and we used 

G{&s) = (x(<T.),x(^.))a. = {S{5tlE{St))T, 
by (6.2). Now, using (6.1) and (6.3), we get 

= 1|(V|^S(5,),S(5,))t+(S(5,),V|-S(5,))t 

+ (V|-S(5,), E{6,))t + im), V|^S(5,))t 
= Re{{VlE{dt)MSt))T + {V^m),m))T} 

= Re { (V|^S(5,), E{6,))t + ([[/^, T^] + V^T^, T^)^^ + (^([/^, T^), T^)^^ } . 
Since F is weakly Kahler, (6.2) yields 

(^([/^T^),T^)^^=0. 

Furthermore, 



since 



5s \ dt J ds \ dt J dsdt dtds dt \ ds J dt \ ds J ^ 

(6.7) 

we get 
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Then 

l^(S(5,),S(5,))^ = Re{(V|^S(5,),S(<5,))T + (V|^S(5,),S(5,))T} 

= Re{dt{E{6,),E{St))T - (S(5,), V*^^S(5,))t} (6.9) 

= Re {|(C/^,T^)^. - (C/^, V^^^^T^),,,} , 

and the assertion foUows. □ 

As a corollary we get the equation of geodesies: 

Corollary 6.2: Let F: T^'^M — > R"*" be a weakly Kahler Finsler metric on a complex 
manifold M, and let a: [a, 6] — > M be a regular curve with F{a) = cq > 0. Then a is a 
geodesic for F iff 

Vy^^^T^ = 0, (6.10) 
where T^{v) = Xv{<y{t)) e Hy for all v e M^(t)- 

Proof: It follows immediately from (6.6). □ 

Corollary 6.3: Let F: T^'^M — > be a weakly Kahler Finsler metric on a complex 
manifold M. Then for any p E M and v G Mp with F(v) = 1 there exists a unique 
geodesic a: (—£,£) M such that a{0) = p and a{0) = v. 

Proof : In local coordinates we have 

V^^^^T^ = [{a^S^ + ^5^)(a-) + r^^^(a)a^a'^] 6a = [a- + Tf^{a)a^]6a. 

So (6.10) is a quasi-linear O.D.E. system, and the assertion follows. □ 

Thus the standard O.D.E. arguments apply in this case too, and we may recover for 
weakly Kahler Finsler metrics the usual theory of geodesies. In particular, if the metric F 
is complete we can define the exponential map expj,: T^'^M M for any p e M. See [AP4] 
for details. 

7. Second variation of the length integral 

Our next goal is the second variation formula, which holds for Kahler Finsler metrics. 
To express it correctly, we need two further ingredients. The first one is the horizontal 
(l,l)-torsion , simply defined by 

T^(x,F) = G(T(x,y)) = n(x,Y)x. 

The second one is the symmetric product {{,)):?{ x 7i —>■ C locally given by 

Viy, Ken, {{H, K))^ = Gap{v) H^Rf". 

It is clearly globally well-defined, and it satisfies 

ynen {{H,x)) = o. 
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Theorem 7.1: Let F: T^'°M — > M"*" be a Kahler Finsler metric on a complex manifold M. 
Take a geodesic ctq: [a, b] ^ M with F{ao) = 1, and let S: (— e, e) x [a, 6] — > M be a regular 
variation of (Jq. Then 



^(0) = Re(V^«^^C/^,T^)<Vo 



+ 



H||2 



di 



Re 



{n{T^,U^)U'',T 



" ^-^^ {n{U^,TH)U^,T^) 



'To 



<^0 



In particular, if S is a iixed variation such that Re(t/ , T^)^^ is constant we have 



ds^ 



(0)= / 

J a 



H||2 



Re 



{n{T^,UH)U^,T 



^ {n{U^,TH)U^,T^] 



I To 



TO 



dt. 



Proof: During the proof of the first variation formula — in (6.9) — we saw that 



ds 



is) = Re / 

J a 



So we need to compute 

■(V|^S(5,),S(5,))t + (V^-S(5,),S(5,))t 



1/2 



dt. 



d_ 



{{^{5,),^{5,))tY" 
5,(V|^S(5,),S(5,))t + 5.(V|-S(5,),S(5,))t 



[{m).m))T) 



1/2 



(7.1) 



i(V|^S(5.),S(5,))t + (V|^S(5.),S(5,))t 
2 ((S(5,),S(5,))t)'/' 

Since, when s = 0, the denominator of the first term is equal to 1, and the denominator 
of the second term is equal to 2, we may forget them. Let us call (I) the numerator of the 
first term, and (I) the numerator of the second term. First of all, (6.9) yields 



1 



Re (I) 



Re 



d_ 
dt 



—T^\. 
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in particular, for s = we get 

1 



Re(I)(0) = 



d_ 
di 



Re(f/^,r^)<,„ 



(7.2) 



because ctq is a geodesic. 

The computation of (I) is quite longer. First of all, using (6.3), (6.4) and (6.5) we get 

(I) = {VlVlEiSsl Ei5t))T + (V|-V|^S(5,), E{5,))t 

+ {VlV^E{6s),E{6t))T + {V^V^E{6s)MSt))T 
+ {V^j-E{ds),VlE{6t))T + (V|^S(5,), V|-S(5,))t 



+ (Vr.[/^,^(t/^T^))^, 



+ (V|^V|^S(5,),S(50)t - (V[^^^,jt/^,T^)., + (0(C/^,T^)t/^,T^),, 

+ (Vi^V|-S(5,),S(5,))T - (V[^^^jt/^,T^)^, 

+ {V±^E{5s),VIE{5s))t + (V^t/^, [U^,T^] + V^T^)^, 

Recalling (6.8), (6.2) and that F is Kahler we get 

(I) = (V|,V|^S(5,),S(5,))t + (V|,V|-S(5,),S(50)t 
+ (V|^V|^S(5,),S(5,))t + (V|-V|-S(5,),S(50)t 
- (f](T^,c7^)C/^,T^)^^ + (f](C/^,T^)t/^,T^)^^ 
_ /V T^) ■ 

+ {VlE{5s), VIE{5s))t + (V|^S(5,), VIE{5s))t 
+ {VIE{S,),V^E{6,))t + (V^S(5,), V^S(5.))t. 



Now 



ds 



~dt 



aE'^ 

aE'' 



di7 t: — di/ 



as 

aE^ 



aE^ 
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and so (6.7) and (3.1) yield 



Furthermore, if G V we have 



= mv),u^ 



ds 
ds 



ds 



■ 13 



ds 



and 



= 0. 

Therefore 

/V — — T^)- 

\^ [T" ,U"] + [T" ,U"] + [Tti ,U"] + [Tti ,U"r ' '''' 



d^ 



ds 



• /3 



(r^(C/^,T^),C/^)). - ((r^(T^,C/^),C/^)). , 



and thus 



- (17(T^,t/^)t/^,T^)^^ + (J](t/^,T^t/^,T^)^^ 



(7.3) 



- ((r^(C/^,T^),C/^))^^ + ((r^(T^,C/^),C/^)),, + l|V;^^S(5, 



2 

s JWT- 



Recalling that for s = we have V*^^S(5t) = because uo is a geodesic, (7.1), (7.2) and 



(7.3) evaluated at s = yield the assertion. 



□ 



So we have obtained the second variation formula for strongly pseudoconvex Kahler 
Finsler metrics. Besides its own intrinsic interest, we need it to compare the curvature of 
the real Finsler metric and our original complex Finsler metric F. The idea is that both 
measuring the length of curves using F° and using F we end up with the same function 
therefore the second variation formula should be the same written in terms of F or in terms 
of F° — assuming the convexity of the latter, of course. 

The second variation formula for real Finsler metrics has been computed by Auslan- 
der [Aul] (see also Chern [Ch], Bao and Chern [BC] and [AP4]), in a setting similar to 
ours and in terms of the so-called horizontal flag curvature of the Cartan connection. So 
comparing the two formulas we get an expression for the horizontal flag curvature of the 
Cartan connection for convex Kahler Finsler metrics: 
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Corollary 7.2: Let F: T^'°M R+ be a convex (i.e., with strongly convex indicatrices) 
Kahler Finsler metric on a complex manifold M. Then the horizontal flag curvature of the 
Cartan connection associated to F° is given by 



R,{H, H) = Re [(n(x, H)H, x)v - (0(77, x)H. x)v 



for all Hen. 



We shall need this result to apply Auslander's version [Au2] of the classical Cartan- 
Hadamard theorem. By the way, it turns out that a direct computation of the Cartan 
connection (and its curvature) in terms of the Chern-Finsler connection (and its curvature) 
is unexpectedly diflficult; see [AP4] for details. 



8. Manifolds with constant holomorphic curvature 

A very natural problem now is the classification of Kahler Finsler manifolds of constant 
holomorphic curvature. In this respect, the Finsler situation is much richer than the 
hermitian one; for instance, Lempert's work [Le] and [AP2] imply that all strongly convex 
domains of C"^ endowed with the Kobayashi metric are weakly Kahler Finsler manifolds 
with constant holomorphic curvature —4. 

The last theorem of this paper is a step toward this classification; roughly speaking, 
we shall prove that a simply connected Kahler Finsler manifold of nonpositive constant 
holomorphic curvature is diffeomorphic to an euclidean space. Furthermore, in the case 
of constant negative holomorphic curvature our results show that the Finsler geometry of 
the manifold is pretty much the same of the one of strongly convex domains endowed with 
the Kobayashi metric. 

The idea is to apply the Cartan-Hadamard theorem; to do so, we need to estimate 
the curvature terms appearing in the second variation formula. 

Let F:T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a complex mani- 
fold M. We say that F has constant holomorphic curvature 2c e M if 

(0(x,x)x,x)=cG2, (8.1) 

that is iff Kp = 2c. The idea is to differentiate (8.1) in such a smart way to get all the 
informations we need. 

We start with a couple of computational lemmas. 

Lemma 8.1: Let F: T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a complex 
manifold M. Then 



{{V^n){H,K)x,x) = {T''{H,e{K,W)),x) 
for all W E V and H , K E 7i. In particular, 

((v^n)(iy,x)x,x) = o 
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for allW eV and H e H. 

Proof: Since we are interested only in the horizontal part, we may replace Q by 

Since Vy^^dz^ = and Vpp-^a = 0, we have 

V^n^ = {V^n'^) dz^ Sa. 
Again, we only need the horizontal part, that is 



Phi^W^'^) = WiR%^,) dz>^ A dr - R%^-yu{W) dz>^ A dz\ 
Recalling (4.2), taking H, K, L eH we get 



{{V^n'^iH, K)L, x) = Ga [WiR%^,) - R%^,ZJ^] H^K^L^ 

(where F?.^ = 5^(r^^) and we used Lemma 2.1.(ii)), 

= -[3u{Goidf3{T".^)) - ri.j^G'Q,9/3(r".^) + Gi3^di^{r'^.^) - GpuVl^.^V%.^ 

- 6-p{GaV%^)Vl^ - Gp,5,{V^^)Vl,]H^K^L^m 

(where we used Go.V'^^ = Gp^, S[^{Gc) = and GadjiV^^) = Gp^^ - Ga^V^^ = 0), 

= — \_~^i>{GapV^.^) + Vl^.j^Gaf3^%.^ + Gi3cj?>i){T".^) — G i3a^^-jy^f-^ 

- 5p-(G«r^^^)r§^ - Gp,Sp{r'^^)n^]H^^K^Lf'm 

(where we used GaF".^ = 0), 

= - [-5,{Gap^.^^) + GpJ.m.^^) - 5^{Gar%^)T^^^ - GpJ-piT'^^M^jH^WL^W^. 

Hence 

= - [S^iGapT^.^^) + Gp.S^^.J - 6^{Gar%^)n^ - Gp,6-,{T'^^)n^yH^l0W^, 
= dpiGaV^^M^H^ToW^, 
(where we used (1.3) and v^^Tp.^ = F!^), 

= Ga5-p{Tf^M^H^K^m = {r^ (h, e{K, W)) , x), 

because e{K,W) = -TP^K'^W^Sp, by (3.1). 
Finally, 



{{v^n){H,x)x,x) = Gjpir^^M^v^H^w^ 

= 0, 



because F^^v"^ = 0. 
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Lemma 8.2: Let F: T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a complex 
manifold M. Then 

{{VvmH,K)x,x) = {T''{e{H,V),K),x) 
for allV eV and H, K e H. In particular, 

for allV eV and K eU. 

Proof: Again it suflBces to consider fl^ = dz^ <Si 5a; so 

Vv^^ = C^v^p) ® dz^ 0Sa-il^0 u;J{V) dz^ 5a + n'^^0 dz^ ® UJ^{V)5a. 
We are interested only in the horizontal part. Taking H, K we get 

= -G^ [a,5,(r^^^) - 5.(r^;,)r^, + aA(r^^5,(r- )) - r^.5.(r- )r^,]y^jf^Z^ 

(where we used [5^, d\\ = Ty^^df)., 

= - MgMtij) - r%,Gjpm.j - 5,(G«r^^^)rj, + G'«a,(r^j5,(r;;) 

(where we used di?{Ga) = and G^r^^ = G/jo-), 

= -[-Si.iGc.pT'^.^) +Sp{dpS^{Gx)) +Tl.j,G^0T^.^ - 5i,{G^Tf^.p)Tl^^ 

+ gMt'^p,)6,{ti) + Gpj.iTi^j Gp^T^.^^ry - G^.5,(r- )r^J v^iy'^Z^ 

(where we used G«rp.^ = and GaF^.^ = 5^(Ga)), 

= -[-S,iGapTl^) + S,{dpS^iGx))-S,iGaT%jT'^^ + Gad^^^^^ 
+ GpJ.iTl^,) - G0^6,{T^^)T';^^]V^H>^K^. 

Furthermore, 

Gan^{H,K)u;}{V) = -G46,{T^.J + T^J,{Tl)]T}^V^H^K^ 
= -[5,{5^{G^)) +G^,5,{r^^)]r}^V^H>^K^; 

Ga oj^{v)n}{H, K) = -G«F«, [5,{vl^) + r2,<^.(r- )] V^H^W 



30 



Marco Abate and Giorgio Patrizio 



Summing up we find 

+ GfsJ.in,,) - GfsJ.iT'^.K^ + S.{S,iG,))T}^ + G,J,iTl)T}^ + G,J,iTl^) 

+ G^xSA^l)]V^H^'K^ 
= -[-5,(a,)r;, - G,^6,{Tl) + G,^6,{Tl)]V^H^K^ 
(where we used v^d^5^{Gx) = v^Gx^.,^ - vf^T^^.^Gxa - v^V^^Gxa/s = 0), 
= S,{G,p)TP^^V^H^W=S,{G^T'^p)T';^V>^H^^K^ 

= G^5,{T^^)Tl^V^H'^W = {T^{e{H,V),K),x). 

The final assertion foUows from ^(x, V) = 0. □ 

In the following computations we shall need some symmetries of the curvature oper- 
ator, summarized in 

Lemma 8.3: Let F: T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a complex 
manifold M . Then 

(i) {n{H,x)x,x) = {n{x,x)H,x) for all Hen iff 

{dHe{H,x,x),x)-o (8.2) 

for all H eH; _ 

(n) {n{H, K)x, X) = Mx, K)H, x) for all H,Ken iff 

{dHe{H,x,K),x)-0 (8.3) 

for all H, K en. 

Proof: It follows immediately from (5.4) and Proposition 4.1. □ 

Now we can start. The first step is: 

Proposition 8.4: Let F:T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a 
complex manifold M, with constant holomorphic curvature 2c e R. Then 

{dHe{H,x,x),x)-o (8.4) 



for all H en iff 



T (x, X) = cGx- 



(8.5) 
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Furthermore, they both imply 

{Q{x,K)x,x)-cG{x,K) (8.6) 

for all Ken. 

Proof: Take e V and let K = Q{W) eH; note that V^X = and VwX = e{W) = K. 
Then 

W^MX,X)X,X> = ((Vp^O)(x,x)x,x) + Mx,K)x,x) + {^ixA.K) (8.7) 

= (0(x,F)x,x) + (r^(x,x),i^), 

where we used Lemmas 8.1 and 4.2. Since F has constant holomorphic curvature 2c, we 
have 

and hence (8.7) yields 

{n{x,K)x,x) = 'icG{x,K) - (t^(x,x),K). (8.8) 

Subtracting {t^{XtX):^) = {^{XiX)XiK) to both sides, we find that (8.5) holds if and 
only if 

(J7^(x,K)x,x) = (^^''(x,x)x,i^) 

for all K e 7Y, that is, recalling (5.5), iff 

(n(K,x)x,x) = Mx,x)i^,x), 

and thus, by Lemma 8.3, iff (8.4) holds. 

Finally, if (8.5) holds, (8.8) yields (8.6). □ 

The second step requires (8.3): 

Proposition 8.5: Let F:T^'^M — > M"*" be a strongly pseudoconvex Finsler metric on a 
complex manifold M with constant holomorphic curvature 2c e R. Assume that (8.2) 
holds. Then 

{n{H, K)x, X) + (^^ (X, K)H, x) = c{{H, x) (x, K) + (x, x) {H, K) } , (8.9) 
for all H, K e 7i. In particular, if (8.3) holds then 

{n{x, K)H, x) = I {{H, x) (X, K) + (x, X> {H, K) } (8. 10) 

for all H, K en. 

Proof: Take V, W eV such that Q{V) = H and Q{W) = K and extend them in any way 
to sections of V (and thus extend H and K as sections of Ti via Q). We have 

V{cG{x, K)) = c[{H, x)(x, K) + G{H, K) + G{x, VyK)] , 
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and 

i/(0(x,F)x,x) 

= {{Vvn) (x, K)x. X) + K)x, X) + {^{X, WK)X: X) + {^{X. K)H, x) 

= {n{H,K)x,x) + (n(x, V=F)x,x) + {n{x,K)H,x), 

thanks to Lemma 8.2. Since (8.2) holds, we can use Lemma 8.4 (that is, (8.6) apphed both 
to K and to VyK) to get exactly (8.9). 

Finally, (8.10) follows from Lemma 8.3. □ 

So we have obtained one of the hermitian product terms. This immediately yields one 
of the symmetric product terms: 

Proposition 8.6: Let F:T^'^M M"*" be a strongly pseudoconvex Finsler metric on a 
complex manifold M with constant holomorphic curvature 2c G R. Assume that (8.3) 
holds. Then 

T^(K, x) = I {{K, x)x + (X, X)K} (8.11) 
for all K ETC. In particular, 

{{H,r^{K,x))) = ^{x,x){{H,K)) (8.12) 

for all H, K en. 
Proof: We get 

(iy,T^(x,x)) = (if,o(K,x)x) = (0(x,F)if,x) 

for all H, K en, thanks to Lemma 4.2 and (5.5). Then (8.10) yields (8.11), and (8.12) 
follows immediately. □ 

For the other symmetric product term we need the weak Kahler condition: 

Proposition 8.7: Let F:T^''^M — M"*" be a weakly Kahler-Finsler metric on a complex 
manifold M such that (8.3) holds. Then 

{{H,r^{x,K))) = 

for all H, K en. 

Proof: The weak Kahler condition {9{H, x), x) = fo^' sll H e n implies 

yH,Ken {C^kOXh, x), x) = (8.13) 

because Vj^X = = V^X. Now, writing 6* = 6*" O 5^, we have Vj^ = {^k^") ® and 
Therefore (8.13) implies 

GaMK;^.) - S,{T%,)]H'^K^v'' = (8.14) 
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for all H, Ken. 

Writing the curvature in local coordinates we find 

{n{H,K)x,x) = -Ga[Sf{r^,^) + r'^jf{r'^^)]H^K^v\ 

So (8.14) yields 

{nix.K)H,x) - {^{H,K)x,x) = -G^T^^J,{T^,)H^Wv' 

= {{H,t''{x,K))), 

and the assertion follows from (8.3). □ 

We are left with the last term: 

Proposition 8.8: Let F:T^'^M H."*" be a strongly pseudoconvex Finsler metric on a 
complex manifold M with constant holomorphic curvature 2c e M. Assume that (8.2) 
holds. Then 

{n{H, x)K, x) = c{{H, x) {K, x) + (X, x) {{H, K))} 

for all H, K en. 

Proof: First of all, we have 

{QiH,x)x,x) = {xMx,H)x) = {n{x,H)x,x) = cG{H,x,), (8.15) 
by (5.5) and (8.6). Now take W eV such that Q{W) = K; then 

W{cG{H, x)) = c{{K, x) {H, x) + G{VwH, x)} , 
W{^{H,X)X.X) = {{Vw^){H,x)x,x) + {^{VwH,x)x.x) + {n{H,x)K,x), 

and so (8.15) yields 

{^{H,x)K,x) = c{K,x){H,x) - {{Vw^){H,x)x.x)- 
Now Lemma 8.2 gives 

{{VwmH,x)x.x) = (T^(^(iy,w^),x),x> = {^{e{H,w),x)x.x) 

= cG{9{H,W),x), 

again by (8.15). But 

{e{H, w), x) = -G.r^^ir^iy^ = -{{h, k)), 

and we are done. □ 
We can finally collect all our computations in 
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Corollary 8.9: Let F: T^'^M — > be a weakly Kahler-Finsler metric on a complex 
manifold M. Assume F has constant holomorphic curvature 2c e R and that (8.3) holds. 
Then 

Re\{n{x,K)H,x) - {n{H,x)K,x) + {{H , r"" {K , x))) - {{H,t''{x,K))) 



= - Re 
2 



G{ {H, K) - {{H, K)) } + {H, x) { (X, K) - 2{K, x) }] 
for all H,K en. 

Proof: It follows from Propositions 8.5, 8.6, 8.7, 8.8 and Corollary 7.2. □ 

We are then able to prove the announced 

Theorem 8.10: Let F: T^'^M — > M"*" be a complete Finsler metric on a simply connected 
complex manifold M. Assume that: 

(i) F is Kahler; 

(ii) F has nonpositive constant holomorphic curvature 2c < 0; 

(iii) {dHO{H, x,K),x) = for all H, K e H; 

(iv) the indicatriccs of F are strongly convex. 

Then exppi Tp^^ — > M is a homeomorphism, and a smooth diffeomorphism outside the 
origin, for any p e M. Furthermore, M is foliated by isometric totally geodesic holomorphic 
embeddings of the unit disk A endowed with a suitable multiple of the Poincare metric 

if c < 0, or by isometric totally geodesic holomorphic embeddings of C endowed with the 
euclidean metric if c = 0. In particular, if 2c = —4 then F is the Kobayashi metric of M, 
and if c = then the Kobayashi metric of M vanishes identically. 

Proof: Let F°: TrM M"*" be the real Finsler metric associated to F as at the beginning 
of section 6. Then Corollary 7.2 and Corollary 8.9 show that the horizontal flag curvature 
of F° is given by 

R{H, H)='- Ke[G[{H, H) - {{H, H))] + {H, x) [(x, H) - 2{H, x)]]- 
In particular, if = % we get 

R{X,X)^0, (8.16) 

and if {H, x) = we get 

RiH, H) = ^—Ke [{H, H) - ((if, H))] = ^ Re [{iH, iH) + {{iH, iH))] . 

Now, in local coordinates the quadratic form 

H^Re[{H,H)^-{{H,H))] 

is represented by the Hessian of G; by (iv), it is positive definite. So {H, x) implies 

R{H,H)<0. (8.17) 

Now, take K e H and write K = Cx + H, with {H,x) = 0. Then Corollary 8.9, (8.16) and 
(8.17) yield 

R{K, K) = R{H, H) < 0. 

In conclusion, the horizontal flag curvature is negative semi-deflnite, and the flrst assertion 
follows from Auslander's version of the Cartan-Hadamard theorem [Au2]. Finally, the last 
assertion has been proved under weaker assumptions in [AP2, 3]. □ 
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We remark that, contrarily to what happens in the hermitian case, condition (iii) 
does not seem to be a consequence of the Kahler condition. For instance, the proof of 
Proposition 8.7 shows that if F is weakly Kahler (but even Kahler does not help much) 
then condition (iii) holds iff 
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